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Definitions

Complex Projective Space CP*

Let z, w € CK+1. Consider the equivalence relation:
z ~ wifthere is A € C* such that z = \w.

Definition
The projective space of dimension k is the quotient of
CK1\ {0} by this relation, i.e. P* := CK1 {0} /~.
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Definitions

Complex Projective Space CP*

Let z, w € CK+1. Consider the equivalence relation:
z ~ wifthere is A € C* such that z = \w.

Definition
The projective space of dimension k is the quotient of
CK1\ {0} by this relation, i.e. P* := CK1 {0} /~.

In other words, P* is the parameter space of the complex lines
passing through 0 in CH1.

We denote by [z0 : z1 : ... : 7] the point of P* associated to the
point (z0,z1,. .., zx) of CK+1 < {0}.
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Definitions

Complex Projective Space CP*

The space P is:
@ a compact complex manifold of dimension k.
@ the holomorphic compactification of C*.
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Definitions

Complex Projective Space CP*

The space P is:
@ a compact complex manifold of dimension k.
@ the holomorphic compactification of C*.

We equip the space P* with the Fubini-Study metric.
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Definitions

Holomorphic Endomorphisms of P*

Theorem
Let f : P* — P* be a holomorphic endomorphism. Then f is
described by the coordinates [fy : fi : ... : fi] where each f is a

homogeneous polynomial of degree 4 and the f; have no
common zero except the origin.
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Holomorphic Endomorphisms of P*

Theorem
Let f : P* — P* be a holomorphic endomorphism. Then f is
described by the coordinates [fy : fi : ... : fi] where each f is a

homogeneous polynomial of degree 4 and the f; have no
common zero except the origin.

The space of holomorphic endomorphisms of degree d is
denoted by H,.
Examples:
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Definitions

Holomorphic Endomorphisms of P*

Theorem
Let f : P* — P* be a holomorphic endomorphism. Then f is
described by the coordinates [fy : fi : ... : fi] where each f is a

homogeneous polynomial of degree 4 and the f; have no
common zero except the origin.

The space of holomorphic endomorphisms of degree d is
denoted by H,.
Examples:
@ f:Pk— Pk,
[zo:z1: . iz — [zg:z‘li:... :Zg],dZZ. Sof e H,.
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Definitions

Holomorphic Endomorphisms of P*

Theorem
Let f : P* — P* be a holomorphic endomorphism. Then f is
described by the coordinates [fy : fi : ... : fi] where each f is a

homogeneous polynomial of degree 4 and the f; have no
common zero except the origin.

The space of holomorphic endomorphisms of degree d is
denoted by H,.
Examples:
@ f:Pk— Pk,
[zo:z1: . iz — [zg:z‘li:... :Zg],dZZ. Sof e H,.

@ g:C?—C? g(z0,21) = (20 + I,Zg +Z0Z(11_]).
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Definitions

Holomorphic Endomorphisms of P*

Theorem
Let f : P* — P* be a holomorphic endomorphism. Then f is
described by the coordinates [fy : fi : ... : f] where each f; is a

homogeneous polynomial of degree 4 and the f; have no
common zero except the origin.

The space of holomorphic endomorphisms of degree d is
denoted by H,.
Examples:
@ f:Pk— Pk,
[zozzlz...:zk]H[zg'z‘f:. zk]d>2 Sof € Hy.
@ g:C?—(C? g(z0,21) = (z0+ 1 » 20 —i—zoz’lj h.
We extend g to P?:
gilzoizi 2] = (208 T+ il 42020 2] Then g ¢ Hy.
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Definitions

Fatou and Julia sets

As in dynamics in one complex variable, we define:
Definition

Let f € Hq(P*). We define the Fatou set F of f as the largest
open set where the family of iterates {f"},—i ... is locally
equicontinuous. The Julia set 7 of f is defined by 7 := P¥\ F.
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e Elements of Pluripotential Theory
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Elements of Pluripotential Theory

Plurihnarmonic Functions

Let Q c C" be an open subset and u € C?(2) be a real valued
function.
@ u is said to be pluriharmonic in Q if, for every a,b € C", the
function X — u(a + Ab) is harmonic in {\ € Cla + \b € Q}.
@ u is pluriharmonic in Q if

O*u
8zj82k

=0 inQ, where j,k=1,...,n.
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Elements of Pluripotential Theory

Plurisubharmonic Functions

Definition

Let 2 be an open subset of C", and let u : 2 — [—o0, c0) be an
upper semicontinuous function which is not identically —oo on
any connected component of €.

The function u is said to be plurisubharmonic if for each a € €,
b € C", the function X — u(a + Ab) is subharmonic or identically
—oo on every component of the set {\ € Cla + \b € Q}.
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Elements of Pluripotential Theory

Plurisubharmonic Functions

Definition

Let 2 be an open subset of C", and let u : 2 — [—o0, c0) be an
upper semicontinuous function which is not identically —oo on
any connected component of €.

The function u is said to be plurisubharmonic if for each a € €,
b € C", the function X — u(a + Ab) is subharmonic or identically
—oo on every component of the set {\ € Cla + \b € Q}.

Example:
If f: U — Cis holomorphic in the open set U ¢ C" and f # 0,
then the function log |f| is plurisubharmonic in U.
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Elements of Pluripotential Theory

Differential Forms and Currents
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Elements of Pluripotential Theory

Differential Forms and Currents

@ Dr4(Q) : the space of differential forms of class C*> in
Q c C" with compact support and whose bidegree is (p, q).

@ If ¢ € DP4(Q2), then ¢ = pydz A dzy, where oy € C°(12)
and 4l = p,tJ = q.
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Differential Forms and Currents

@ Dr4(Q) : the space of differential forms of class C*> in
Q c C" with compact support and whose bidegree is (p, q).

@ If ¢ € DP4(Q2), then ¢ = pydz A dzy, where oy € C°(12)
and 4l = p,tJ = q.

The elements of the dual space (D" 7"~4(2))" are called
currents of bidegree (p, q).
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Elements of Pluripotential Theory

Differential Forms and Currents

@ Dr4(Q) : the space of differential forms of class C*> in
Q c C" with compact support and whose bidegree is (p, q).

@ If ¢ € DP4(Q2), then ¢ = pydz A dzy, where oy € C°(12)
and 4l = p,tJ = q.

The elements of the dual space (D" 7"~4(2))" are called
currents of bidegree (p, q).

@ Acurrent S is written as: S = > Sydz A dzy, where the
coefficients S;; are distributions.

e If Sis a positive (p, p)—current, then the coefficients S;; are
measures.
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Elements of Pluripotential Theory

Currents and Plurisubharmonic Functions

@ We define the diff. operator dd® = 2i90.
@ Afunction u € L, () is a.e. equal to a p.s.h. function iff

ddu=2Y" U iz >0
N ” 0707 Gnty ==
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Elements of Pluripotential Theory

Currents and Plurisubharmonic Functions

@ We define the diff. operator dd® = 2i90.
@ Afunctionu € L, .(Q) is a.e. equal to a p.s.h. function iff
o?

u
dd‘u = 2i ———dzi ANdz; > 0.
%,: 07,07 7=

Important Theorem

Every (1, 1) positive closed current S corresponds to a
plurisubharmonic function «. The function u verifies the

equation
dd‘u = S.
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Elements of Pluripotential Theory

Example

@ We consider the Fubini-Study differential form wrs in P,
@ wps is written locally as

wp = ddlog |z].
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The Green current of a holomorphic endomorphism
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Q The Green current of a holomorphic endomorphism

Dynamics in Several Complex Variables



The Green current of a holomorphic endomorphism

Green Current

Theorem

If f € Hq(PF), then the sequence of currents

{ o tors)}

converges to a (1, 1) positive closed current T, the Green
current.

neN
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The Green current of a holomorphic endomorphism

Green Current : Example

o filziw:it] [z iwd ),
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The Green current of a holomorphic endomorphism

Green Current : Example

o filziw:it] [z iwd ),
@ fifziw it 2w .
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The Green current of a holomorphic endomorphism

Green Current : Example

o filziw:it] [z iwd ),
@iz wit] s 24w .
@ We define the sequence

G, := d—lnlog|(zdn,wdn,tdn) ,n=12...
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The Green current of a holomorphic endomorphism

Green Current : Example

@ f:[z:w:it 24wl
@ fifz w2 wd .
@ We define the sequence
Gy = & log |z, w" 1")[,n=1,2....
® G = lim,_,, G, = sup{log|z|,log |w|, log |#|}.
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The Green current of a holomorphic endomorphism

Green Current : Example

@ f:[z:w:it 24wl
@ fifz w2 wd .
@ We define the sequence
Gy = & log |z, w" 1")[,n=1,2....
® G = lim,_,, G, = sup{log|z|,log |w|, log |#|}.

@ The plurisubharmonic function G corresponds to the Green
current of f:

dd‘G=T.
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The Green current of a holomorphic endomorphism

Julia set & Green current

If f € Hy and let T be the Green current associated to f, then

SuppT ={T #0} =J.
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The Green current of a holomorphic endomorphism

The Green measure

@ We consider the (k, k) Green current
p:=T-=TATA...\T (k times).
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The Green current of a holomorphic endomorphism

The Green measure

@ We consider the (k, k) Green current
p:=T-=TATA...\T (k times).

@ . is a probability measure. It's the Green measure
associated to f.
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The Green current of a holomorphic endomorphism

The Green measure

@ We consider the (k, k) Green current
p:=T-=TATA...\T (k times).

@ . is a probability measure. It's the Green measure
associated to f.

@ The Green measure is invariant by f, i.e. fiu = p.
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The Green current of a holomorphic endomorphism

The Green measure

@ We consider the (k, k) Green current
p:=T-=TATA...\T (k times).

@ . is a probability measure. It's the Green measure
associated to f.

@ The Green measure is invariant by f, i.e. fiu = p.

The Green measure p is the only invariant measure that
maximises the entropy.
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The End

Thank you for your attention.
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